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Abstract
Let X be a projective scheme over a field K and let F be a coherent sheaf of OX-modules.
We show that the cohomological postulation numbers νiF of F , e.g., the ultimate places at which
the cohomological Hilbert functions n → dimK(Hi(X,F(n)))=: hiF (n) start to be polynomial for
n 0, are (polynomially) bounded in terms of the cohomology diagonal (hiF (−i))
dim(F)
i=0 of F . As
a consequence, we obtain that there are only finitely many different cohomological Hilbert functions
hiF if F runs through all coherent sheaves of OX-modules with fixed cohomology diagonal. In
order to prove these results, we extend the regularity bound of Bayer and Mumford [Computational
Algebraic Geometry and Commutative Algebra, Proc. Cortona, 1991, Cambridge Univ. Press, 1993,
pp. 1–48] from graded ideals to graded modules. Moreover, we prove that the Castelnuovo–Mumford
regularity of the dual F∨ of a coherent sheaf ofOPrK -modules F is (polynomially) bounded in terms
of the cohomology diagonal of F .
 2003 Published by Elsevier Inc.
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1. Introduction
Let X be a projective scheme over a field K with twisting sheaf OX(1) and let F be
a coherent sheaf of OX-modules. For i ∈ N0, the ith cohomological Hilbert function of
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hiF :Z→N0, n → hiF (n) := dimK
(
Hi
(
X,F(n))), (1.1)
where Hi(X,F(n)) denotes the ith cohomology group of X with coefficients in the nth
twist F(n) := F ⊗OX OX(1)⊗n of F . It is well known that the function n → hiF (n) is
polynomial for all n 0. The corresponding polynomial
piF ∈Q[x] with piF (n)= hiF (n), ∀n 0 (1.2)
is called the ith cohomological Hilbert polynomial of (X with respect to) F and is of
degree  i (cf. [5, 20.4.14]).
Now, for each i ∈ N0, we may define the ith cohomological postulation number (of X
with respect to) F by
νiF := inf
{
n ∈ Z ∣∣ hiF (n) = piF (n)}− 1 (1.3)
with the usual convention that inf∅ =∞. The basic aim of the present paper is to establish
the following bounding result (cf. Theorem 4.6):
For each r ∈ N0 there is a polynomial Mr ∈ Q[u0, . . . ,ur ] such that for each i ∈ N0,
each field K , each projective scheme X over K and each coherent sheaf ofOX-modules
F with dim(F ) r we have
νiF Mr
(
h0F (0), . . . , h
r
F (−r)
)
.
This extends a result of Matteotti [7], who has calculated bounding functions for the
numbers νiF in terms of the “cohomology diagonal (h
i
F (−j))ji at and below level i” and
in terms of the corresponding cohomological Hilbert polynomials (pjF )ji . So, what we
shall prove is that one may bound the numbers νiF without knowing the polynomials p
i
F ,
only in terms of the “full” cohomology diagonal.
As a consequence of the mentioned bounding result, we shall prove the following
finiteness result (cf. Theorem 5.4):
Let r ∈ N0 and let h0, . . . , hr ∈ N0. Let (X,F ) run through all pairs in which X is a
projective scheme over some field and F is a coherent sheaf of OX-modules such that
dim(F ) r and hjF (−j) hj for j = 0, . . . , r.
Then only finitely many different cohomological Hilbert functions hiF may occur.
Keep the previous notation and hypothesis. Then, the Castelnuovo–Mumford regularity of
F is defined by
reg(F ) := inf{t ∈ Z ∣∣ hi (n− i)= 0, ∀n t, ∀i > 0}. (1.4)F
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regularity of the dual F∨ = HomO
P
r
K
(F ,OPrK ) of a coherent sheaf F over a projective
space PrK is bounded in terms of the cohomology diagonal of F . More precisely
(cf. Theorem 3.8),
For each r ∈ N0 there is a polynomial Lr ∈ Q[u0, . . . ,ur ] such that for each field K
and each coherent sheaf of OPrK -modules F we have
reg
(F∨) Lr(h0F (0), . . . , hrF (−r)).
One important ingredient in order to prove the preceeding result is the following bounding
result which relates the Castelnuovo–Mumford regularity reg(M) and the generating
degree d(M) (cf. Reminder and remark 2.2(B), respectively, Definition and remark 2.1(C)
for the definitions) of a graded submodule M of a graded free module over a polynomial
ring (cf. Theorem 2.6).
For each r ∈ N0 there is a polynomial Fr ∈ Q[s, t] such that for each s ∈ N, for each
fieldK , for each polynomial ring K[x] =K[x0, . . . ,xr ] and for each graded submodule
M ⊆K[x]⊕s we have
reg(M) Fr
(
s, d(M)
)
.
In fact, polynomial regularity bounds of this latter type may be deduced by classical
results on syzygies (cf. [3, Section 4]). We include a proof of the above bounding result
mainly because of our choice of the bounding polynomial Fr : namely, if s = 1 our bound
coincides with the regularity bound of Bayer and Mumford [1, 2.3]. Moreover, on use of
the bounding polynomials Fr we get in general the estimate reg(M)  s(r+1)!(2d(M))r !
(cf. Corollary 2.7 and Definition and remark 2.5(B)). The classical syzygetic method
furnishes much weaker bounds.
On the other hand, there is much evidence that the bounding polynomials Fr , Lr , and
Mr calculated in this paper are still much too big to furnish effective bounds. Namely, the
degrees of these polynomials come close to take the values (r + 2)r!, r(r + 1)!2r+1, and
((r + 2)!2r+1)n, respectively (cf. Definitions and remarks 2.5(B), 3.7(C), and 4.4(C)), and
hence, grow dramatically with r . To get sharper bounds, it would be essential to reduce the
degree of Lr , hence to find a more effective “diagonal bound” for reg(F∨), where F∨ is
the dual of a coherent sheaf over PrK .
Let us mention here, that reg(F) has a “diagonal bound” of moderate size, given by
a polynomial of degree 2r−1 in h0F (0), h
1
F (−1), . . . , hrF (−r) (cf. [4, Remark 5]). Also,
as long as i < δ(F) := {depth(Fx) | x ∈ PrK, x closed}, the postulation number νiF has
a lower bound given by a polynomial of degree 2i in h0F (0), h
1
F (−1), . . . , hiF (−i) (cf. [4,
Remark 10]). So it is only for i  δ(F) that the complexity of the bounding problem and
hence the size of lower bounds on the numbers νiF grows drastically.
The results of the present paper partly are modified versions of the main results of the
thesis of the second author [6] and have been announced without proofs in [3].
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Let K[x] := K[x0, . . . ,xr ] be a polynomial ring over a field K . The principal aim
of this section is to extend the regularity bound of Bayer and Mumford [1] for graded
ideals a ⊆ K[x] to graded submodules M ⊆ K[x]⊕s for all s ∈ N. We begin with some
preliminaries on graded rings and modules.
2.1. Definition and remark. (A) Let R =⊕n0 Rn be a homogeneous Noetherian ring
(so that R = R0[R1]) and let R+ :=⊕n>0 Rn denote the irrelevant ideal of R. If T is a
graded R-module and n ∈ Z, we denote by Tn the nth homogeneous part of T , so that
T =⊕n∈Z Tn. Using this notation we define the beginning and the end of T , respectively,
by
beg(T ) := inf{n ∈ Z | Tn = 0}, end(T ) := sup{n ∈ Z | Tn = 0},
with the usual convention that inf and sup are formed in Z ∪ {±∞} with inf∅ = ∞,
sup∅ =−∞.
(B) Let R and T be as above. For m ∈ Z we define the mth left-, respectively, right-
truncation of T as the R0-submodules
Tm :=
⊕
nm
Tn, Tm :=
⊕
nm
Tn.
Clearly, Tm is a graded submodule of T .
(C) Let R and T be as above. The generating degree of T is defined by
d(T ) := inf{m ∈ Z | T = (Tm)R}.
(D) Let R and T be as above. Let R′0 be a Noetherian R0-algebra. Then
R′ :=R′0 ⊗R0 R =
⊕
n0
R′0 ⊗R0 Rn
carries a natural grading which turns it into a homogeneous Noetherian ring with irrelevant
ideal R′+ =R+R′. Moreover,
T ′ =R′ ⊗R T =R′0 ⊗R0 T =
⊕
n∈Z
R′0 ⊗R0 Tn
becomes a graded R′-module.
If R′0 is faithfully flat over R0, then R′ is faithfully flat over R and, moreover,
beg
(
T ′
)= beg(T ), end(T ′)= end(T ), d(T ′)= d(T ).
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and let M =⊕n∈ZMn be a graded R-module. Let i ∈N0. Then, the ith local cohomology
module HiR+(M) of M with respect to the irrelevant ideal R+ ⊆R carries a natural grading(cf. [5, Chapter 12]).
(B) Let R and M be as in part (A) and assume in addition, that M is finitely generated.
Let i ∈ N0 and let n ∈ Z. Then, the nth homogeneous part HiR+(M)n of HiR+(M) is a
finitely generated R0-module and vanishes if n is sufficiently large. This allows to define
the (Castelnuovo–Mumford) regularity of M at and above level k by
regk(M) := sup{end(HiR+(M))+ i | i  k} ∈ Z∪ {−∞}
for each k ∈N0 (cf. [5, (15.2.9)]). Then
reg(M) := reg0(M)
is the usual (Castelnuovo–Mumford) regularity of M .
(C) Keep the above notations and hypotheses. Assume in addition that R′0 is a faithfully
flat R0-algebra. Then R′0 ⊗R0 M is a finitely generated graded module over R′0 ⊗R0 R and
the graded flat base change theorem gives rise to natural isomorphisms of R′0-modules
Hi
(R′0⊗R0R)+
(
R′0 ⊗R0 M
)
n
∼=R′0 ⊗R0 HiR+(M)n
for all i ∈N0 and all n ∈ Z (cf. [5, (15.2.2)]).
In particular, we have
regk
(
R′0 ⊗R0 M
)= regk(M)
for all k ∈ Z0.
(D) Assume now, that R =K[x] =K[x0, . . . ,xr ] is a polynomial ring over the field K .
Let M be a finitely generated and graded R-module and let
0→ Fp → Fp−1 → ·· ·→ F0 →M→ 0
be a minimal graded free resolution of M . Then we have the following well-known
“syzygetic characterization” of regularity (cf. [5, (15.3.7)]):
reg(M)= max{d(Fj )− j | 0 j  p}.
In particular, we obtain
d(M)= d(F0) reg(M).
2.3. Reminder and remark. (A) Let R =⊕n0 Rn be a homogeneous Noetherian ring
and let M be a finitely generated and graded R-module. A homogeneous element f ∈ Rn
of R is said to be (R+-)filter-regular with respect to M , if it is a nonzero divisor with
respect to the module M/H 0 (M).R+
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annihilator (0 :M f ) of f in M is contained in H 0R+(M). So, f ∈ Rn is filter-regular
with respect to M iff e := end(0 :M f ) < ∞. Moreover, if this is the case, we have
e < end(H 0R+(M)). If in addition n > 0, we have e= end(H 0R+(M)).(C) If R0 is an infinite field and if R1 = 0, then there is an element f ∈R1\{0} which is
filter-regular with respect to M (cf. [5, 15.1.4]).
2.4. Lemma. Let K[x] = K[x0, . . . ,xr ] be a polynomial ring over the field K , let U be
a finitely generated and graded K[x]-module, let m ∈ Z and let M,N ⊆U be two graded
submodules such that d(M),d(N)m, and reg(M +N) <m. Then d(M ∩N)m.
Proof. There are graded epimorphisms π :F → M , # :G→ N in which F and G are
graded free K[x]-modules of finite rank with d(F ), d(G)  m. In particular we have
reg(F ⊕G)m. So, the graded short exact sequence
0→ Ker(π + #)→ F ⊕G π+#−−−→M +N → 0
yields reg(Ker(π + #))  m (cf. [5, (15.2.15)(i)]), thus d(Ker(π + #))  m. The
commutative diagram
M ⊕N σ :=idM + idN M +N
F ⊕G
π⊕#
F ⊕G
π+#
shows that (π ⊕ #)(Ker(π + #))= Ker(σ ), hence d(Ker(σ ))m. In view of the graded
isomorphism M ∩N ∼=Ker(σ ) we get our claim. ✷
2.5. Definition and remark. (A) We define a sequence of polynomials (Fr)r∈N0 ⊆Q[s, t]
as follows:
F0(s, t) := t; Fr(s, t) := Fr−1(s, t)+ s
(
Fr−1(s, t)+ r
r
)
, ∀r ∈N.
We call Fr the rth Bayer–Mumford polynomial.
(B) We define a sequence of integers (er)r∈N0 by
e0 := 0; er := rer−1 + 1, ∀r ∈N.
It follows easily by induction that
t  Fr(s, t) Fr
(
s′, t ′
)
if 0 s  s′, 0 t  t ′;
Fr(s, t) < s
er (2t)r ! if s, t ∈N.
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degs(Fr)= er < (r + 1)! and degt(Fr)= r!,
whereas deg(Fr)= er + r!< (r + 2)r!.
Now, we are ready to formulate and to prove the main result of this section.
2.6. Theorem. Let K[x] = K[x0, . . . ,xr ] be a polynomial ring over the field K . Let
s, d ∈N and let M ⊆K[x]⊕s be a nonzero graded submodule with d(M) d . Then
reg(M) Fr (s, d).
Proof. In view of Definition and remark 2.1(D) and Reminder and remark 2.2(C) we may
replace K by any of its extension fields and thus assume that K is infinite.
We proceed by induction on r . If r = 0, M is a graded free K[x0]-module of finite rank,
so that reg(M) d = F0(s, d) (cf. Reminder and remark 2.2(D)).
So, let r > 0. We write R := K[x] and T := R⊕s/M . As reg(R⊕s ) = 0 and in view
of the graded short exact sequence 0 → M → R⊕s → T → 0 it suffices to show that
reg(T ) Fr (s, d)− 1 (cf. [5, (15.2.15)(i)]).
By Reminder and remark 2.3(C) there is an element f ∈ R1\{0} which is filter-regular
with respect to T . After a linear change of coordinates we may assume that f = xr .
Now, let R := R/xrR = K[x0, . . . ,xr−1]. Then, the graded R-module M := (M +
xrR
⊕s )/xrR⊕s ⊆R⊕s satisfies d(M) d . So, by induction we have reg(M) Fr−1(s, d).
By the base ring independence of local cohomology, this inequality remains valid if
we consider M as an R-module. As reg(xrR⊕s ) = 1, the graded short exact sequence
0→ xrR⊕s → (M + xrR⊕s )→M→ 0 therefore gives (cf. [5, (15.2.15)(iii)])
reg
(
M + xrR⊕s
)
 Fr−1(s, d). (2.1)
As reg(R⊕s ) = 0, the graded short exact sequence 0 → (M + xrR⊕s ) → R⊕s →
T/xrT → 0 gives reg(T /xrT ) reg(M + xrR⊕s )− 1 and hence
reg(T /xrT ) Fr−1(s, d)− 1. (2.2)
By [5, (18.3.11)] we also have reg1(T )  reg(T /xrT ), so that reg1(T )  Fr−1(s, d)− 1
and hence reg1(T )  Fr(s, d) − 1. It therefore remains to show that end(H 0R+(T )) 
Fr(s, d)− 1.
Applying cohomology to the graded short exact sequence 0 → T/(0 :T xr ) xr→ T (1)→
(T /xrT )(1)→ 0, we get exact sequences
0→H 0R+
(
T/(0 :T xr )
)
n
→H 0R+(T )n+1 →H 0R+
(
T/xrT
)
n+1.
In view of inequality (2.2), we thus get isomorphism
H 0
(
T/(0 :T xr )
) ∼=H 0 (T )n+1, ∀n Fr−1(s, d)− 1. (2.3)R+ n R+
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T/(0 :T xr )→ 0 and keep in mind that (0 :T xr ) ⊆ H 0R+(T ) (cf. Reminder and remark
2.3(B)), we get exact sequences 0 → (0 :T xr )n → H 0R+(T )n → H 0R+(T /(0 :T xr ))n → 0
for all n ∈ Z. So, in view of the isomorphism (2.3), we obtain short exact sequences
0→ (0 :T xr )n →H 0R+(T )n
πn−→H 0R+(T )n+1 → 0, ∀n Fr−1(s, d)− 1. (2.4)
If we apply Lemma 2.4 to the submodules M,xrR⊕s ⊆ R⊕s and keep in mind that
d(M),d(xrR
⊕s )  d  Fr−1(s, d) and reg(M + xrR⊕s )  Fr−1(s, d) (see (2.1)), we
get d(M ∩ xrR⊕s )  Fr−1(s, d) + 1. As M ∩ xrR⊕s = xr (M :R⊕s xr ), we obtain that
d(M :R⊕s xr )  Fr−1(s, d). But this means that d(0 :T xr )  Fr−1(s, d). So, if the
epimorphism πn in (2.4) is injective for some n  Fr−1(s, d), the map πm is an
isomorphism for all m  n, hence H 0R+(T )m = 0 for all m  n. So, in the range n 
Fr−1(s, d), the function n → dimK(H 0R+(T )n) is strictly decreasing until it reaches the
value 0. But this implies
end
(
H 0R+(T )
)
 Fr−1(s, d)+ dimK
(
H 0R+(T )Fr−1(s,d)
)− 1.
As
dimK(TFr−1(s,d)) dimK
((
R⊕s
)
Fr−1(s,d)
)= s(Fr−1(s, d)+ r
r
)
and H 0R+(T )Fr−1(s,d) ⊆ TFr−1(s,d), it follows that
end
(
H 0R+(T )
)
 Fr−1(s, d)+ s
(
Fr−1(s, d)+ r
r
)
− 1= Fr(s, d)− 1,
and this concludes our proof. ✷
2.7. Corollary. Let K[x] =K[x0, . . . ,xr ] be a polynomial ring over the field K , let s ∈N
and let M ⊆K[x]⊕s be a graded submodule. Then
reg(M) ser
(
2d(M)
)r !
.
Proof. As reg(0)=−∞, we may assume that M = 0. If d(M)= 0, by Nakayama, there
is a graded isomorphism M ∼= K[x]⊕u with some u ∈ {1, . . . , s}, so that reg(M) = 0.
Therefore we may assume that d(M) > 0. Then, we conclude by Theorem 2.6 and the
estimate at the end of Definition and remark 2.5(B). ✷
2.8. Remark. (A) For s = 1, Corollary 2.7 gives the regularity bound of Bayer and
Mumford [1].
(B) In [6, (2.1)] it is shown that under the hypothesis of Corollary 2.7 one has reg(M)
(2d(M))srr !. There, a different approach is used: First, the regularity criterion of Bayer and
Stillman [2] is extended to graded submodules of free modules (cf. [6, (1.10)]). Then, this
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the proof of [6, (2.1)] gives the bound of Corollary 2.7.
3. Regularity of dual sheaves
Let r ∈N, letK be a field and letF be a coherent sheaf ofOPrK -modules. The aim of this
section is to show that the regularity reg(F∨) of the dual sheaf F∨ :=HomO
P
r
K
(F ,OPrK )
is bounded in terms of the full cohomology diagonal (hiF (−i))ti=0 of F by a universal
polynomial. We first give a few preliminaries.
3.1. Reminder and remark. (A) Let R =⊕n0 Rn be a homogeneous Noetherian ring
and let X = Proj(R) be the projective scheme defined by R. Let F be a coherent sheaf of
OX-modules, and let M be a finitely generated graded R-module such thatF = M˜ , e.g., F
is the sheaf of OX-modules induced by M . Then, the Serre–Grothendieck correspondence
(cf. [5, (20.4.4)]) yields an exact sequence of graded R-modules
0→H 0R+(M)→M→
⊕
n∈Z
H 0
(
X,F(n))→H 1R+(M)→ 0 (3.1)
and isomorphisms of graded R-modules
Hi+1R+ (M)∼=
⊕
n∈Z
Hi
(
X,F(n)), ∀i ∈N. (3.2)
For the regularity of F (cf. (1.4)) we thus get
reg(F)= reg2(M).
(B) Keep the previous notations and hypotheses and consider the graded R-module
T (F) :=⊕n0 H 0(X,F(n)). The exact sequence (3.1) of (A) shows that T (F)n =Mn
for all n 0, so that T (F) is finitely generated and T (F)∼ ∼= F . Applying the sequence
(3.1) with T (F) instead of M , we now see that
H 0R+
(
T (F))= 0, end(H 1R+(T (F)))< 0,
and hence, if F = 0:
max
{
0, reg(F)}= reg(T (F)).
(C) Keep the above notations and hypotheses and let f ∈ R1. Then, f is filter-regular
with respect to M if and only if it is a nonzero divisor with respect to T (F) or, equivalently,
if the homomorphism of sheaves f :F→ F(1) is injective. In this situation, we also say
that f is regular with respect to F . If this is the case—with Y := Proj(R/fR)—we have
exact sequences
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(
X,F(n)) → Hi(X,F(n+ 1))→Hi(Y,F |Y (n+ 1))→Hi+1(X,F(n))
→ Hi+1(X,F(n+ 1))→Hi+1(Y,F |Y (n+ 1)) (3.3)
in which F |Y denotes the restriction of F to Y .
(D) Keep the previous hypothesis and notations and assume in addition, that R0 =K is
a field. Let K ′ be an extension field of K . Then X′ = Proj(K ′ ⊗K R) is a projective scheme
over K ′,F := (K ′ ⊗K M)∼ is a coherent sheaf of OX′ -modules and
Hi
(
X′,F ′(n))∼=K ′ ⊗K H i(X,F(n))
for all i ∈N0 and all n ∈N (cf. Reminders and remarks 2.2(C), 3.1(A)). So in the notation
of (1.1) we have
hiF ′(n)= hiF (n) for all i ∈N0 and all n ∈ Z.
(E) Keep the above notation and hypotheses. Let •∗ = HomR(•,R) denote the functor
of taking duals in the category of graded R-modules. Then (M∗)∼ ∼= (M∼)∨ and hence
(T (F)∗)∼ ∼=F∨.
3.2. Definition and remark. (A) For r ∈N0 we define polynomials Gr ∈Q[u0, . . . ,ur ,v]
by
G0(u0;v) := u0; Gr(u0, . . . ,ur ; v) := u0 +
v∑
w=1
Gr−1(u0 + u1, . . . ,ur−1 + ur ;w)
for all v ∈N0 and all r > 0.
(B) Moreover, for each r ∈N we consider a polynomial Hr ∈Q[u1, . . . ,ur ] defined by
Hr(u1, . . . ,ur ) :=
(
2
r∑
j=1
(
r − 1
j − 1
)
uj
)2r−1
.
Finally, let H0 := 0.
(C) Let u0, . . . , ur , v,u′0, . . . , u′r , v′ ∈N0 no such that uj  u′j for all j ∈ {0, . . . , r} and
v  v′. Then
0  Gr(u0, . . . , ur , v)Gr(u′0, . . . , u′r , v′),
0  Hr(u1, . . . , ur )Hr(u′1, . . . , u′r ).
(D) Clearly, here for the degrees we have
degui (Gr)= 1 for i = 0, . . . , r, degv(Gr)= r, deg(Gr)= r + 1, deg(Hr)= 2r−1.
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Then:
(a) h0F (n)Gr(h0F (0), . . . , hrF (−r);n) for all n 0;
(b) reg(F) reg(T (F))Hr(h1F (−1), . . . , hrF (−r)).
Proof. For r = 0, both statements are obvious. So let r > 0.
(a) In view of Reminder and remark 3.1(D) we may assume that K is infinite. We
write PrK = Proj(K[x]), with a polynomial ring K[x] = K[x0, . . . ,xr ] and choose a
finitely generated graded K[x]-module M with M˜ = F . Then, there is an element f ∈
K[x]1\{0} which is filter-regular with respect to M , hence regular with respect to F
(cf. Reminders and remarks 2.3(C), 3.1(C)). We may assume that f = xr and write
Pr−1K = Proj(K[x]/(xr )) and G := F Pr−1K . In view of the sequences (3.1) of Reminder
and remark 3.1(C), we thus get the inequalities
h0F (n) h
0
F (0)+
n∑
m=1
h0G(m), for all n ∈N0,
hiG(−i) hiF (−i)+ hi+1F
(−(i + 1)), for all i ∈N0.
By induction and in view of the monotony statement of Definition and remark 3.2(C), we
now get
h0F (n)  h
0
F (0)+
n∑
m=1
Gr−1
(
h0F (0)+ h1F (−1), . . . , hr−1F
(−(r − 1))+ hrF (−r);m)
= Gr
(
h0F (0), . . . , h
r
F (−r);n
)
.
(b) See [4, Remark 6] and observe Definition and remark 3.2(C). ✷
3.4. Definition and remark. (A) Let R =⊕n0 Rn be a Noetherian, homogeneous ring
such that R0 =K is a field. If T is a finitely generated and graded R-module, we use µ(T )
to denote the minimal number of homogeneous elements needed to generate T .
(B) Keep the notations and hypothesis of part (A) and assume in addition that there is
an element f ∈ R1 which is a nonzero divisor with respect to T . Then
µ(T ) dimK(Tn) for all n d(T ).
3.5. Notation. For r ∈ bN0, let us introduce the polynomial
Ur :=
(
Hr(u1, . . . ,ur )+ r + 1
r
)
Gr
(
u0, . . . ,ur ;Hr(u1, . . . ,ur )
) ∈Q[u0, . . . ,ur ],
where Gr and Hr are defined according to Definition and remark 3.2, (A) and (B).
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degu0(Ur)= 1 and deg(Ur) r2r + 1.
3.6. Lemma. Let r ∈ N0, let K be a field, let F = 0 be a coherent sheaf of OPrK -modules
and let F1 → F0 π→ T (F)→ 0 be a minimal graded free presentation of the module T (F)
over the polynomial ring K[x] =K[x0, . . . ,xr ]. Then
(a) rank(F0)Gr(h0F (0), . . . , hrF (−r);Hr(h1F (−1), . . . , hrF (−r)));
(b) rank(F1)Ur(h0F (0), . . . , hrF (−r)).
Proof. LetK ′ be an arbitrary extension field ofK and consider the coherent sheaf ofOPr
K′ -
modulesF ′ := (K ′ ⊗K T (F))∼. Then the graded isomorphism T (F ′)∼=K ′ ⊗K T (F) and
the equalities hiF ′(−i) = hiF (−i) (cf. Reminder and remark 3.1(D)) allow to replace K
and F by K ′ and F ′. So, we may assume that K is infinite. Thus, there is an element
f ∈ K[x]1\{0} which is filter-regular with respect to T (F). As H 0K[x]+(T (F)) = 0 (cf.
Reminder and remark 3.1(B)), f is a nonzero divisor with respect to T (F). As 0 
d(T (F))  reg(T (F))  Hr(h1F (−1), . . . , hrF (−r)) (cf. Reminder and remark 2.2(D),
Lemma 3.3(b)) we conclude by Definition and remark 3.4(B) that rank(F0)= µ(T (F))
dimK(T (F)Hr (h1F (−1),...,hrF (−r))). So, by Lemma 3.3(a) and the definition of T (F), we
obtain:
rank(F0)Gr
(
h0F (0), . . . , h
r
F (−r);Hr
(
h1F (−1), . . . , hrF (−r)
))
. (3.4)
This proves in particular statement (a). In view of Reminder and remark 2.2(D) and
Lemma 3.3(b), we have d(Ker(π))= d(F1) reg(T (F))+ 1H + 1, where
H :=Hr
(
h1F (−1), . . . , hrF (−r)
)
. (3.5)
As Ker(π) ⊆ F0 is torsion free, Definition and remark 3.4(B) now gives rank(F1) =
µ(Ker(π))  dim(Ker(π)H+1)  dimK((F0)H+1). As beg(F0) = beg(T (F)) = 0, we
have dimK((F0)H+1) rank(F0)
(
H+r+1
r
)
, thus rank(F1)  rank(F0)
(
H+r+1
r
)
. In view of
(3.4) and (3.5), this proves statement (b). ✷
3.7. Definition and remark. (A) Let r ∈ N0. Using the notation of Definitions and
remarks 2.5(A), 3.2(B), and Notation 3.5, we define the polynomial
Lr := Fr
(
Ur(u0, . . . ,ur ),Hr(u1, . . . ,ur )+ 1
) ∈Q[u0, . . . ,ur ].
(B) By the monotony statements of Definition and remark 3.2(C) and 2.5(B), it follows:
0 Lr(u0, . . . , ur ) Lr(u′0, . . . , u′r )
for all u0, . . . , ur, u′ , . . . , u′r ∈N0 with uj  u′ for j = 0, . . . , r .0 j
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degu0(Lr)= er < (r + 1)! and deg(Lr) < r(r + 1)!2r+1.
Now, we are ready to formulate and to prove the main result of the present section.
3.8. Theorem. Let r ∈N0, let K be a field, and let F be a coherent sheaf of OPrK -modules.
Then, for the dual F∨ :=HomOPr
K
(F ,OPrK ) of F we have
reg
(F∨) Lr(h0F (0), . . . , hrF (−r)).
Proof. We may assume that F = 0. Let h := (h0F (0), . . . , hrF (−r)) and consider a
minimal graded free presentation F1 → F0 → T (F)→ 0 of the graded module T (F)
(cf. Reminder and remark 3.1(B)) over the polynomial ring K[x] =K[x0, . . . ,xr ].
Applying the functor •∗ =HomK[x](•,K[x]) of graded duals to the above presentation,
we get a graded exact sequence
0→ T (F)∗ → F ∗0 →Q→ 0, (3.6)
in which Q is a graded submodule of F ∗1 . As −beg(F ∗1 ) = d(F1)  reg(T (F)) + 1 
Hr(h)+ 1 (cf. Reminder and remark 2.2(D), Lemma 3.3(b)), we have a graded embedding
F ∗1 ↪→ K[x]⊕ rank(F1)(Hr(h) + 1). By Lemma 3.6 we know that rank(F1)  Ur(h). So
Q(−Hr(h) − 1) becomes a graded submodule of K[x]⊕Ur (h). As d(Q)  d(F ∗0 ) =−beg(F0)= 0, we have d(Q(−Hr(h)− 1))Hr(h)+ 1. So, by Theorem 2.6 we obtain
reg(Q(−Hr(h)− 1)) Fr(Ur(h),Hr(h)+ 1) and hence
reg(Q) Fr
(
Ur(h),Hr(h)+ 1
)−Hr(h)− 1 Lr(h)− 1.
As reg(F ∗0 ) = d(F ∗0 ) = −beg(F0) = 0, the exact sequence (3.6) yields the estimate
reg(T (F∗))  max{0, reg(Q) + 1}  Lr(h). As (T (F)∗)∼ = F∨ (cf. Reminder and
remark 3.1(E)), this proves our claim in view of Reminder and remark 3.1(B). ✷
3.9. Corollary. Keep the notations and hypotheses of Theorem 3.8 and let h0, . . . , hr ∈N0
be such that hiF (−i) hi , for i = 0, . . . , r . Then
reg
(F∨) reg(T (F∨)) Lr(h0, . . . , hr ).
Proof. As reg(T (F∨)) = max{0, reg(F∨)} (cf. Reminder and remark 3.1(B)), our state-
ment follows from Theorem 3.8 and the inequalities of Definition and remark 3.7(B). ✷
4. Bounding cohomological postulation numbers
Let r ∈ N0 and let X be a projective scheme over the field K and let F be a coherent
sheaf of OX-modules such that dim(F) := dim(Supp(F))  r . We shall prove that the
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diagonal (hiF (−i))ri=0 by a universal polynomial.
We begin with the following auxiliary result, in which the notation introduced in
Reminder and remark 3.1(B) and Definition and remark 3.2 is used.
4.1. Lemma. Let r ∈ N, let K be a field, let F be a coherent sheaf of OPrK -modules. Let
F be a graded free module of finite rank over the polynomial ring K[x] =K[x0, . . . ,xr ]
and let π :F  T (F) be a minimal graded epimorphism. Let G := Ker(π)∼ be the sheaf
of OPrK -modules induced by Ker(π). Then:
(a) T (G(1))= T (G)(1)∼=Ker(π)(1);
(b) h0G(1)(0) rh0F (0)+Gr(h0F (0), . . . , hrF (−r);1);
(c) h0G(1)(n)= 0 for all n < 0;
(d) if r > 1, then h1G(1)(n) = 0 for all n < 0 and, moreover, hiG(1)(n) = hi−1F (n + 1) for
1 < i < r and all n ∈ Z;
(e) hrG(1)(−r)  hr−1F (−(r − 1)) +
(
H+r
r
)
Gr(h
0
F (0), . . . , h
r
F (−r);H), where H :=
Hr(h
1
F (−1), . . . , hrF (−r)).
Proof. Consider the exact sequence of sheaves of OPrK -modules
0→ G→ F˜ π˜−→F→ 0. (4.1)
(a) Applying cohomology to (4.1) and keeping in mind that r > 0 and beg(F ) 0, we
get a commutative diagram of graded K[x]-modules with first exact row
0 T (G) T (F˜ ) T (F)
F
∼=
π
T (F)
So, there is a graded isomorphism T (G)∼=Ker(π). As π is minimal, we have Ker(π)0 = 0
and hence T (G)0 = 0. It follows T (G(1))= T (G)(1)0 = T (G)(1)∼= Ker(π)(1).
(b) As usual we may assume that K is infinite. In view of statement (a) we have
h0G(1)(0)= dimK(Ker(π)1) dim(F1)= dimK(K[x]1F0)+ dimK(F1/K[x]1F0). As π is
minimal, dimK(F0)= h0F (0), hence dimK(K[x]1F0) (r+1)dimK(F0)= (r+1)h0F (0).
Also, by the minimality of π we have
dimK
(
F1/K[x]1F0
)= dimK(T (F)1/K[x]1T (F)0)= h0F (1)− dimK(K[x]1H 0(X,F)).
As K is infinite, there is an element f ∈ K[x]1 which is filter-regular with respect to
T (F) (cf. Reminder and remark 2.3(C)) and the resulting monomorphismf :H 0(X,F)
H 0(X,F(1)) (cf. Reminder and remark 3.1(C)) implies that dimK(K[x]1H 0(X,F)) 
h0 (0).F
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0
F (0)+ h0F (1) and the stated inequality follows by
Lemma 3.3(a).
(c) Clear from statement (a) which gives h0G(0)= 0.
(d) Observe that h0G(n)= 0 for all n 0 (by (c)), that h0F˜ (0)=H 0F (0) by the minimality
of π and that hj
F˜
(m)= 0 for all i ∈ {1, . . . , r − 1} and all m ∈ Z. Then apply cohomology
to (4.1).
(e) If we apply cohomology to (4.1) we obtain
hrG(1)(−r) hr−1F
(−(r − 1))+ hr
F˜
(−r + 1).
There is a graded exact sequence
0→K[x]⊕ rank(F )(−d(F ))→ F →N → 0
with dim(N) r . Passing to induced sheaves and then to cohomology, we get
hr
F˜
(−r + 1) hrO
P
r
K
(−d(F )− r + 1) rank(F )= (d(F )+ r − 2
r
)
rank(F ).
As rank(F )  Gr(h0F (0), . . . , hrF (−r),H) (cf. Lemma 3.6(a)) and d(F ) = d(T (F)) 
reg(T (F))  H (cf. Reminder and remark 2.2(D) and Lemma 3.3(b)), we get our
claim. ✷
In our next lemma, we use the notation of (1.3) and of Definition and remark 3.7.
4.2. Lemma. Let r ∈ N0 let K be a field and let F be a coherent sheaf of OPrK -modules.
Then νrF −r − 1−Lr(h(0)F (0), . . . , hrF (−r)).
Proof. Let n ∈ Z. We have HomK(Hr(PrK,F(n)),K) ∼= H 0(Pr ,F∨(−n − r − 1)) by
duality, hence hrF (n) = h0F∨(−n − r − 1). So, we have hrF (n) = χF∨(−n − r − 1), if−n− r − 1 reg(F∨). As n → χF∨(−n− r − 1) is a polynomial function, it follows that
νrF −r − 1− reg(F∨) and our claim results from Theorem 3.8. ✷
4.3. Lemma. Let K be a field, let r ∈N0, let F be a coherent sheaf of OPrK -modules and
let
e :=
∑
x∈PrK
x closed
lengthO
P
r
K
,x
(
H 0m
P
r
K
,x
(Fx)
)
.
Then,
e h0F (n− 1)max
{
e,h0F (n)− 1
} for each n ∈ Z.
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H is of length e and G :=F/H has no closed associated points. Therefore h0H(m)= e and
h1H(m)= 0, so that h0F (m)= e+h0G(m) for all m ∈ Z. As h0G(n−1)max{0, h0G(n)−1}(cf. [4, 5.3]), we get our claim. ✷
Now, in order to prove and to formulate the main result of this section, let us define one
more class of bounding polynomials.
4.4. Definition and remark. (A) Let r ∈N0. Then, for p = 0, . . . , r we define polynomials
Mr,p ∈Q[u0, . . . ,ur ] by
Mr,0 := −u0,
and for 1 p  r
Mr,p := −r −Lr(u0, . . . ,ur )+Mr,p−1(V ,0,u1, . . . ,ur−2,W),
where
V := ru0 +Gr(u0, . . . ,ur ;1),
W := ur−1 +
(
Hr(u1, . . . ,ur )+ r
r
)
Gr
(
u0, . . . ,ur;Hr(u1, . . . ,ur )
)
(and where Gr,Hr,Lr are defined as in Definitions and remarks 3.2(A), (B), and 3.7(A),
respectively). Finally, we set
Mr :=Mr,r .
(B) In view of the monotony statements of Definitions and remarks 3.2(C), and 3.7(B),
it follows that
−u0 Mr,p(u0, . . . , ur )Mr,p(u′0, . . . , u′r )
for all u0, . . . , ur , u′0, . . . , u′r ∈N0 with uj  u′j for j = 0, . . . , r , and for all p ∈ {0, . . . , r}.
(C) Observing Definition and remark 3.2(D) and 3.7(C), we get
deg(Mr,p) <
(
(r + 2)!2r+1)p.
In the following lemma, pdR(M) is used to denote the projective dimension of an
R-module M .
4.5. Lemma. Let r ∈N, let p ∈ {0, . . . , r}, let K be a field, and let F be a coherent sheaf of
OPrK -modules with pdK[x](T (F)) p, where K[x0, . . . ,xr ] =K[x] is a polynomial ring
with PrK = Proj(K[x]). Then
νiF Mr,p
(
h0F (0), . . . , h
r
F (−r)
) for i = 0, . . . , r.
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with beg(T (F))  0. As F = T (F)∼ we have hiF (n) = 0 for all i = 0, r and all
n ∈ Z. But this implies that νiF  ν0F for all i ∈ N0. In view of Lemma 4.3 we have
ν0F −h0F (0)=Mr,0(h0F (0), . . . , hrF (−r)).
So, let p > 0, let π :F → T (F) be a minimal graded epimorphism from a graded
free K[x]-module F , and let G := Ker(π)∼. By statement (a) of Lemma 4.1, we have
pdK[x](T (G(1))) < p. So, by induction, νiG(1) Mr,p−1(h0G(1)(0), . . . , hrG(1)(−r)) for all
i ∈ N0. By statements (b)–(e) of Lemma 4.1 and in the notation of Definition and
remark 4.4, we thus get νi−1F = νiG(1) M for i = 2, . . . , r − 1, where
M :=Mr,p−1
(
V
(
h0F (0), . . . , h
r
F (−r)
)
,0, h1F (−1), . . . , hr−2F
(−(r − 2)),
W
(
h0F (0), . . . , h
r
F (−r)
))
.
By Lemma 4.3, the definition of V , and the left-hand side inequality of Definition
and remark 4.4(B), we have ν0F  −h0F (0)  −V (h0F (0), . . . , hrF (−r)) M . So νiF 
Mr,p(h
0
F (0), . . . , h
r
F (−r)) for i = 0, . . . , r − 2. By Lemma 4.2 we also have
νrF  −r − 1−Lr
(
h0F (0), . . . , h
r
F (−r)
)
−r −Lr
(
h0F (0), . . . , h
r
F (−r)
)+M
= Mr,p
(
h0F (0), . . . , h
r
F (−r)
)
.
As the function n →∑ri=0(−1)ihiF (n)= χF (n) is polynomial, we obtain that νr−1F 
Mr,p(h
0
F (0), . . . , h
r
F (−r)). This concludes our proof. ✷
4.6. Theorem. Let r ∈ N0 let X be a projective scheme over the field K and let F be a
coherent sheaf ofOX-modules such that dim(F) r . Then νiF Mr(h0F (0), . . . , hrF (−r))for all i ∈N0.
Proof. As usual, we may assume that K is infinite. Let J ⊆OX be the annihilator sheaf
of F and let Y ⊆ X be the closed subscheme defined by J . Then hiF (n) = hiF |Y (n)
for all i ∈ N0 and all n ∈ Z. This allows to replace X by Y and hence to assume that
dim(X) = dim(F)  r . As K is infinite we thus find a finite morphism ϕ :X → PrK
induced by global sections of OX(1). It follows that hiF (n) = hiϕ∗F (n) for all i ∈ N0
and all n ∈ N. This allows to replace F by ϕ∗F and hence to assume that X = PnK =
Proj(K[x]), where K[x] = K[x0, . . . ,xr ] is a polynomial ring. As H 0K[x]+(T (F)) = 0(cf. Reminder and remark 3.1(B)), we have pdK[x](T (F)) r . So, Lemma 4.5 gives that
νiF Mr,r (h
0
F (0), . . . , h
r
F (−r)) for all i ∈N0. As Mr =Mr,r , this proves our claim. ✷
4.7. Corollary. Keep the notations and hypotheses of Theorem 4.6 and let h0, . . . , hr ∈N0
be such that hiF (−i) hi for i = 0, . . . , r . Then νiF Mr(h0, . . . , hr ) for all i ∈N0.
Proof. Clear from Theorem 4.6 and the monotony property of Definition and re-
mark 4.4(B). ✷
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Again, let r ∈N0, let X be a projective scheme over a field K , and let h0, . . . , hr ∈N0.
In this section we shall prove that there are only finitely many possible cohomological
Hilbert functions hiF :Z→ N0 if F runs through all coherent sheaves of OX-modules
with dim(F) r and satisfying hiF (−i)= hi for i = 0, . . . , r . So, what we prove is that
the cohomology diagonal (hiF (−i))dimFi=0 of a coherent sheaf F ofOX-modules bounds the
number of possible cohomological Hilbert functions hiF ofF . First, we prove the following
result, in which the polynomials Hk ∈Q[u1, . . . ,ur ] and Gk ∈ Q[u0, . . . ,uk] are defined
according to Definition and remark 3.2.
5.1. Lemma. Let r ∈ N0, let K be a field and let X be a protective scheme over K . Let F
be a coherent sheaf of OX-modules with dimF  r . Then:
(a) hiF (n) 12Hr−i+1(hiF (−i), . . . , hrF (−r)) for 1 i  r and for all n−i .
(b) hiF (n)Gi(hiF (−i), . . . , h0F (0);−n− i) for 0 i  r and for all n−i .
Proof. (a) See [4, Remark 6]. (b) As usual, we may assume that K is infinite. Let
X = Proj(R), whereR =⊕n0 Rn is a homogeneous Noetherian ring with R0 =K . Then,
there is an element f ∈ R1 which is filter-regular with respect to T (F) and hence regular
with respect to F . The induced monomorphismsH 0(X,F(n)) fH 0(X,F(n+ 1)) prove
the case i = 0. So, let i > 0 and set Y = Proj(R/fR) and G :=F |Y . Then, dim(G) < r and
by induction we have hi−1G (m)Gi−1(h
i−1
G (−(i−1)), . . . , h0G(0);−m− i+1) for allm
−i+ 1. Moreover, the sequences (3.3) of Reminder and remark 3.1(C) show that hiF (n)
hiF (−i) +
∑−i
m=n+1 h
i−1
G (m) for all n  −i , and hjG(−j)  hjF (−j) + hj+1F (−(j + 1))
for all j  i − 1. In view of the monotony property of Gi−1 and the definition of Gi (cf.
Definition and remark 3.2), we get our claim. ✷
5.2. Notation. Let r ∈N0 and let h= (h0, . . . , hr ) ∈Nr+10 . By C(r)h we denote the class of
all pairs (X,F) in which X is a projective scheme over some field K and in which F is a
coherent sheaf of OX-modules such that
dim(F) r and hiF (−i) hi for i = 0, . . . , r.
Now, we have the following finiteness result for cohomological Hilbert polynomials and
characteristic polynomials. We use the symbol # to denote cardinality.
5.3. Proposition. Let r ∈N0 and let h= (h0, . . . , hr ) ∈Nr+10 . Then
(a) for all i ∈ {0, . . . , r}: #{piF | (X,F) ∈ C(r)h}<∞.
(b) #{χF | (X,F) ∈ C(r)h}<∞.
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remarks 4.4 and 3.2:
Nr,i( h ) :=
Mr(h)∏
n=Mr (h)−i
(
Gi(hi, . . . , h0;−n− i)+ 1
)
.
By Corollary 4.7 we have νiF Mr(h) whenever (X,F) ∈ C . So, by Lemma 5.1(b) and
the monotony properties of Gi we obtain 0  piF (n)  Gi(hi, . . . , h0;−n − i) for all
(X,F) ∈ C and all n Mr(h). As piF is a polynomial of degree  i , it is determined
by the values piF (n) with Mr(h) − i  n  Mr(h). So, at most Nr,i( h ) different
cohomological Hilbert polynomials piF occur, if (X,F) runs through C .
(b) Follows from (a) as χF =
∑r
i=0(−1)ipiF whenever F is a coherent sheaf of
dimension r over a projective scheme over a field. ✷
5.4. Theorem. Let 0 i  r and let h= (h0, . . . , hr ) ∈Nr+10 . Then
#
{
hiF
∣∣ (X,F) ∈ C(r)h}<∞.
Proof. C := C(r)h. Assume first that i > 0. Let
hk := (hk, . . . , hr ), k = 1, . . . , r,
Sr,i ( h ) :=
−i∏
n=Mr(h )+1
(
Gi(hi, . . . , h0;−n+ i)+ 1
)
,
Tr,i( h ) :=
(
1
2
Hr−i+1(hi )+ 1
)Hr(h1)−1
.
By Lemma 5.1 and the monotony properties of Gi and of Hr−i+1 we see that at most
Sr,i(h)Tr,i(h) different functions
hiF :
[
Mr(h)+ 1,Hr(h1)− 1
]→N0
may occur if (X,F) runs through C . For each pair (X,F) ∈ C we have νiF  Mr(h )
and reg(F)  Hr(h1) (Corollary 4.7 and Lemma 3.3(b)), so that hiF (n) = piF (n) for
all n Mr(h), and hiF (n) = 0 for all n  Hr(h1). By Proposition 5.3 it follows that
{hiF | (X,F) ∈ C} is a finite set.
As
∑r
i=0(−1)hiF (n)= χF (n) for all n ∈ Z, h0F (n)= χF (n) for all n Hr(h1) and
h0F (n)= p0F (n) for all nMr(h ), the finiteness of the set {h0F | (X,F) ∈ C} follows by
Proposition 5.3 and the finiteness of the sets {hiF | (X,F) ∈ C} for i > 0. ✷
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